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D E T E R M I N A T I O N  O F  T H E  D I M E N S I O N S  O F  T H E  S A T U R A T I O N  

Z O N E  F O R  I N F I L T R A T I O N  F R O M  A C H A N N E L  W I T H  A 

S H A L L O W  W A T E R  D E P T H  

E .  N .  B e r e s l a v s k i i  a n d  L .  A .  P a n a s e n k o  UDC 551.491.5 

A h y d r o d y n a m i c  so lu t i on  has  been  c o n s i d e r e d  [1-4] fo r  the  p l a n a r  s t a t i o n a r y  c a s e  of a f r e s h w a t e r  l ens  
e s t a b l i s h e d  by i n f i l t r a t i o n  in a c c o r d a n c e  wi th  D a r c y ' s  law f r o m  a channe l  invo lv ing  the  d i s p l a c e m e n t  of s a l i n e  
g r o u n d w a t e r  f r o m  the  channe l  zone .  I t  is  a s s u m e d  tha t  the dep th  of w a t e r  in the  channe l  is  i n f i n i t e l y  sha l l ow  
and tha t  the  flow f a c t o r  tha t  c o m p e n s a t e s  fo r  the lo s s  f r o m  the channe l  is  e v a p o r a t i o n  f r o m  the  f r e e  s u r f a c e .  
H e r e  we e x a m i n e  i n f i l t r a t i o n  f r o m  a channe l  in to  a l a y e r  of h o m o g e n e o u s  i s o t r o p i c  s o i l  of t h i c k n e s s  T wi th  a 
h o r i z o n t a l  i m p e r m e a b l e  l a y e r  u n d e r n e a t h .  This  c a s e  is  a l i m i t i n g  one fo r  the  above  p r o b l e m  when the  d e n s i t y  
of the  s a l i n e  w a t e r  i n c r e a s e s  wi thout  l i m i t .  The so lu t i on  is  found as  in [1-4] by the  method  of [5], wh ich  i s  
b a s e d  on the  a n a l y t i c a l  t h e o r y  of o r d i n a r y  d i f f e r e n t i a l  equa t ions .  The c a n o n i c a l  r e g i o n  is  t aken  as  the  r e g i o n  
f o r  w h i c h  the  c h a r a c t e r i s t i c s  of the  f i l t r a t i o n  flow can  be d e r i v e d  in c l o s e d  f o r m  in t e r m s  of  c e r t a i n  s p e c i a l  
func t ions .  . . . .  

In v iew of the  s y m m e t r y  of the  i n f i l t r a t i o n  r e g i o n  we  r e s t r i c t  c o n s i d e r a t i o n  to the  r i g h t - h a n d  ha l f ,  wh ich  
is  shown s c h e m a t i c a l l y  in F ig .  1. The b o t t o m  of the  channe l  is  r e p r e s e n t e d  by a h o r i z o n t a l  l ine  of l eng th  2l .  
Wi th  the  c o o r d i n a t e  s y s t e m  shown in F ig .  1, we l o c a t e  the p l ane  of po ten t i a l  c o m p a r i s o n  in the  p lane  y = 0, and 
then  the  fo l lowing  cond i t ions  a r e  obeyed  at  the b o u n d a r y  of the  i n f i l t r a t i o n  r e g ion :  

y = 0 , %  = 0  onAD,  x = 0,~pr = 0 ~  A B l y  = T,~Pr ~ 0  onBC~ 
(1) 

%-{-y = 0 ,  ~ r - ~ e r x  = erL onCD, 

w h e r e  w r = g0 r + ir r is  the c o m p l e x  f i l t r a t i o n  po ten t i a l  r e f e r r e d  to the  f i l t r a t i o n  c o e f f i c i e n t ,  wi th  Cr the  r e -  
duced  po ten t i a l  fo r  the  f i l t r a t i o n  r a t e  and Cr the r e d u c e d  c u r r e n t  func t ion ,  w h i l e  z = x + iy is  the  c o m p l e x  c o -  
o r d i n a t e  in the  i n f i l t r a t i o n  r e g i o n  and e r is  the  r e d u c e d  e v a p o r a t i o n  r a t e .  

As the a u x i l i a r y  r e g i o n  we  t ake  ha l f  the  p lane  of w in F ig .  2. In the  method  u sed  h e r e ,  the  funct ions  d~ / 
dw and d z / d w  a r e  unknowns to be d e t e r m i n e d  as  the s o l u t i o n s  to a c e r t a i n  l i n e a r  d i f f e r e n t i a l  equa t ion  of the  
F u c h s  c l a s s  wi th  r e g u l a r  s i n g u l a r  po in t s .  We f i r s t  c o n s i d e r  the  b e h a v i o r  of the  func t ions  d w / d ~  and d z / d ~ ,  
w h e r e  ~ is  the  u p p e r  h a l f - p l a n e ,  and we f ind tha t  the c h a r a c t e r i s t i c  p a r a m e t e r s  of t h e s e  func t ions  n e a r  the  
s i n g u l a r  poin ts  have  the fo l lowing  v a l u e s :  n e a r  point  A (~ = -  a ) ( - 1 / 2 ,  - 1 / 2 ) ,  n e a r  poin t  B (~ = 0 ) ( - 1 / 2 ,  0), 
n e a r  point  C (~ = 1) (v /2  - 1 / 2 ,  - , / 2  - 1 / 2 ) ,  and n e a r  point  D (~ = ~) ( 3 / 2 ,  2),  w h e r e  v = 1 - (2 /u)  a r c t a n  e ~ r ,  
and the  s i n g u l a r i t y  at  poin t  ~ = - a  can  be e l i m i n a t e d .  

The  s o l u t i o n  tha t  s a t i s f i e s  the  cond i t i ons  of (1) t akes  the  f o r m  

d(o _ A ~fFrshvw dz = A chvw (2) 
dzv l / sh  ~ ~' -t- a ch2w " ~ ] /sh ~ w § a ch 2 ~, ' 

w h e r e  A is  s o m e  r e a l  cons t an t .  

L e n i n g r a d .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 5, pp. 92-94 ,  
S e p t e m b e r - O c t o b e r ,  1981. O r i g i n a l  a r t i c l e  s u b m i t t e d  June  25,  1980. 
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We obta in  the e q u a t i o n  for  the r igh t  b r a n c h  of the f r ee  s u r f a c e  DC if  we s e p a r a t e  the r e a l  and i m a g i n a r y  
par t s  in the second  equat ion of (2) and then i n t e g r a t e  them.  This gives  

!. 

n~ f shvtdt  
x = l ~- A sin - - ~  V-ch~ t + ash 2 t ' 

o 

w 

~v I ch~tdt 
Y = --  A c ~  V'ch2 t_~ ash2 i 

( 0 % w ~ ) .  

(3) 

We successively integrate the second of the expressions in (2) from point A to point D, from point B to point A, 
and from point B to point C, which gives correspondingly 

Acos b~" cos -~- tdt 
' (4) 

T = Az~ cos_____~b Pv-1 (COS 2b); 
2 -y-  

L An cos b P~,-1 (--  cos 2b), 

2 cos -5-- 2 

w h e r e  b is a c o n s t a n t  r e l a t e d  to a by a = tan  2 b, Pv(z) is a s p h e r i c a l  L e g e n d r e  func t ion  of the f i r s t  kind wi th  
index v [6], and P~(z) = F ( - v ,  1 + % 1, (1 - z ) / 2 ) ;  F ( ~ ,  fi, 7, z) is h y p e r g e o m e t r i c  func t ion  with p a r a m e t e r s  
~ ,  fl, and 7. 

F r o m  Eqs .  (4)-(6) we c o n s t r u c t e d  a g raph  for  the func t ion  L / T  wi th  a r g u m e n t s  l / T and e r (Fig.  3).* 
In conc lu s ion  we note  tha t  l ~ (2/u)  l n t a n  (b/2)  and L ~ ~ for  e r ~ 0. 

We a r e  indebted  to P r o f e s s o r  S. N. N u m e r o v  for  a d i s c u s s i o n  of this  s tudy and his use fu l  r e m a r k s .  

(5) 

(6) 
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I N F I L T R A T I O N  OF A S A L T  S O L U T I O N  I N T O  

A S W E L L I N G  S O I L  

V. I. Pen'kovskii UDC624.131.6 

The physicochemical  and hydraulic parameters  of soils are  largely dependent on the content of clay 
minera ls ,  which make up more  than half of all sediments in the ea r th ' s  crust .  The lattice surfaces  of the clay 
part icles bear negatively charged oxygen ions, and therefore  soils are  basically cat ion-exchange mater ia ls  
capable of taking up cations f rom an electrolyte  and exchanging equivalent amounts of positively charged ions. 
A dry clay soil on wetting by water  or  a solution swells and absorbs the water  and solutes. The cause of the 
swelling is hydration of the ions in the hydrophylic groups in the soil. The extent of the swelling is dependent 
on the hydrated radius of the ion and the exchange capacity of the so i l -absorbing  complex. The swelling is 
accompanied by coalescence of colloidal par t ic les ,  which leads to an increase  in the amount of relat ively im-  
mobile water  [1, 2] and a substantial  reduction in the fi l tration capacity of the soil. 

The converse  phenomenon is peptization or  part icle dispersion,  which is accompanied by a reduction in 
the amount of bound water  and improvement  in the permeabil i ty,  as is observed when an electrolyte infil trates 
into a soil containing f resh  water.  Experiments  in the field and in the labora tory  with soil sys tems  [3, 4] show 
that the balance between peptization and coalescence  may produce large reductions or  increases  in the perme-  
ability of a given specimen of natural soil. It is important  to consider  these phenomena in developing methods 
of calculating the wa te r - sa l t  conditions in soils during i r r igat ion and draining, as well as in r e s e a r c h  on the 
stability of earth dams and related problems. 

Here we consider  a model case of the infiltration of f resh  water  into a clay soil whose skeleton retains a 
cer tain amount of salt  solution with a given concentration.  

1. Formulation.  The theory of double e lectr ical  layers  implies that the concentrat ion C i in m o l e s / l i t e r  
of ion i in the solution surrounding the negatively charged surface  of a clay particle is [5] given by 

C~ = C~ exp [-- zie (~ - -  ~p~ 

where  z i is the valency of the ion, e is the electronic charge,  $ = ~(y) is the e lectr ical  potential, k is Boltz- 
o and r mann ' s  constant, T is absolute ~emperature,  C i are  the values of the equilibrium concentrat ion and elec-  

t r ica l  potential, respect ively ,  as measured far  f rom the surface ,  and y is a coordinate measured along the 
normal to the sur face  of the particle.  The solution in an e lementary volume at a cer ta in  distance y will be 
at tracted to the charged  surface  under the action of the electr ic  field with a force 

[ ~e (* -- *~ ~-~ NAe d* NAe ~ ziC ~ exp d~, 
dp = - -  2.~z~Ci t-y6- ~ dy dy 1000 kT 

i i 

where N A is Avogadro 's  number and the summation is taken over  each ion (z i > 0 for a cation and z i < 0 for an 
anion). After integration of this expression with respec t  to p f rom p0 to p and with respec t  to r f rom ~0 to $ we 
get the value of the excess p res su re  (swelling pressure)  Ap = p -  P0 acting near the surface  of a colloidal par-  
ticle: 

R r  - ( 1 . 1 )  A p -  i000 
i 

Novosibirsk.  Translated f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki,  No. 5, pp. 95-99, 
September-October ,  1981. Original ar t ic le  submitted September 18, 1980. 
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